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Spectrum of a Family of Operators 1
SPECTRUM OF A FAMILY OF OPERATORS
Simona Macovei
Abstract. Having as start point the classic definitions of resolvent set and spectrum of a linear
bounded operator on a Banach space, we introduce the resolvent set and spectrum of a family of
linear bounded operators on a Banach space. In addition, we present some results which adapt to
asymptotic case the classic results.
1 Introduction
Let X be a complex Banach space and L(X) the Banach algebra of linear bounded
operators on X. Let T be a linear bounded operator on X. The norm of T is
‖T‖ = sup {‖Tx‖ | x ∈ X, ‖x‖ ≤ 1} .
The spectrum of an operator T ∈ L(X) is defined as the set
Sp (T )=C\r(T ),
where r(T ) is the resolvent set of T and consists in all complex numbers λ ∈ C for
which the operator λI − T is bijective on X.
It is an important fact that the resolvent function λ 7→ (λI − T )−1 is an analytic
function from r(T ) to L(X) and for λ ∈ r(T ) we have
d (λ, r (T )) ≥
1∥∥∥(λI − T )−1∥∥∥ .
Moreover, for λ ∈ r(T ), the resolvent operator R (λ, T ) ∈ L(X) is defined by the
relation R (λ, T ) = (λI − T )−1 and satisfied the resolvent equation
R (λ, T )−R (µ, T ) = (µ− λ)R (λ, T )R (µ, T ) ,
for all λ, µ ∈ r(T ). Therefore, in particular, R (λ, T ) and R (µ, T ) commute.
We say that an infinite series of operators
∑
Tn is absolutely convergent if the series∑
‖Tn‖ is convergent in L(X) and ‖
∑
Tn‖ ≤
∑
‖Tn‖.
If ‖T‖ < 1, then
(λI − T )−1 =
∑
T n
and it is absolutely convergent. A consequence of this is the fact that r(T ) is an
open set of C.
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Theorem 1. Theorem 1.1. Let T ∈ L(X) be a linear bounded operator on X. Then
Sp (T ) is a non-empty compact subset of C.
The spectral radius of an operator T ∈ L(X) is the positive number equal with
supλ∈Sp(T ) |λ| .
Theorem 2. Let T ∈ L(X). Then
sup
λ∈Sp(T )
|λ| = lim
n→∞
‖T n‖
1
n .
Let Ω be an open neighborhood of Sp (T ) and let H(Ω) denote the space of all complex
valued analytic functions defined on Ω. The application f 7→ f(T ) : H(Ω) → L(X)
defined by the relation
f (T ) =
1
2pii
∫
γ
f (λ)R (λ, T ) dλ,
where γ is a contour which envelopes Sp(T ) in Ω, is called the holomorphic functional
calculi of T .
Theorem 3. Let T ∈ L(X) and suppose that Ω is an open neighborhood of Sp (T ).
Then, for all f ∈ H(Ω), we have
f (Sp(T )) = Sp(f (T )).
We also remember that two operators T, S ∈ L(X) are quasinilpotent equivalent if
lim
n→∞
∥∥∥(T − S)[n]∥∥∥ 1n = lim
n→∞
∥∥∥(S − T )[n]∥∥∥ 1n = 0,
where (T − S)[n] =
∑n
k=0 (−1)
n−kCnk T
kSn−k, for any n ∈ N.
The quasinilpotent equivalence relation is reflexive and symmetric. It is also transitive
on L(X).
Theorem 4. Theorem 1.4. Let T, S ∈ L(X) be two quasinilpotent equivalent
operators. Then
Sp (T ) = Sp (S) .
2 Asymptotic equivalence and asymptotic quasinilpotent
equivalence
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Definition 5. We say that two families of operators {Sh} , {Th} ⊂ L(X), with
h ∈ (0, 1] , are asymptotically equivalent if
lim
h→0
‖Sh − Th‖ = 0 .
Two families of operators {Sh} , {Th} ⊂ L(X), with h ∈ (0, 1], are asymptotically
quasinilpotent equivalent if
lim
n→∞
lim sup
h→0
∥∥∥(Sh − Th)[n]∥∥∥ 1n = lim
n→∞
lim sup
h→0
∥∥∥(Th − Sh)[n]∥∥∥ 1n = 0.
Proposition 6. The asymptotic (quasinilpotent) equivalence between two families of
operators {Sh} , {Th} ⊂ L(X) is an equivalence relation (i.e. reflexive, symmetric
and transitive) on L (X).
Proof. It is evidently that the asymptotic equivalence is reflexive and symmetric.
Let {Sh} , {Th} , {Uh} ⊂ L(X) be families of linear bounded operators such that
{Sh} , {Th} and {Uh} , {Th} are respectively asymptotically equivalent. Then
lim sup
h→0
‖Sh − Uh‖
= lim sup
h→0
‖Sh − Th + Th − Uh‖ ≤ lim
h→0
‖Sh − Th‖+ lim
h→0
‖Th − Uh‖
= 0 .
The asymptotic quasinilpotent equivalence is also reflexive and symmetric.
In order to prove that it is transitive, let {Sh} , {Th} , {Ph} ⊂ L(X) such that
{Th} , {Ph} and {Sh} , {Ph} be respectively asymptotically quasinilpotent equivalent.
Then for any ε > 0 there exists a nε ∈ N such that
(Th − Ph)
[j] < εj
and
(Ph − Sh)
[n−j] < εn−j ,
for every j, n − j > nε and h ∈ (0, 1].
Taking
Mε = max
1≤j≤nε


∥∥∥(Th − Ph)[j]∥∥∥
εj
,
∥∥∥(Ph − Sh)[j]∥∥∥
εj
, 1


we obtain ∥∥∥(Th − Ph)[j]∥∥∥ < εjMε
and ∥∥∥(Ph − Sh)[j]∥∥∥ < εjMε,
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for every j ∈ N and h ∈ (0, 1] .
In view of above inequality and the following equality
(T − S)[n] =
n∑
k=0
(−1)n−kCkn(T − P )
[k](P − S)[n−k],
for every n ∈ N and P ∈ L(X), it results that
∥∥∥(Th − Sh)[n]∥∥∥ ≤ n∑
k=0
Ckn
∥∥∥(Th − Ph)[k]∥∥∥ ∥∥∥(Ph − Sh)[n−k]∥∥∥
≤
n∑
k=0
Cknε
kεn−kMε
2
= (2ε)nMε
2,
for every n ∈ N and h ∈ (0, 1].
Therefore
lim sup
h→0
∥∥∥(Th − Sh)[n]∥∥∥ ≤ (2ε)nMε2
and thus
lim sup
h→0
∥∥∥(Th − Sh)[n]∥∥∥ 1n ≤ 2εMε2/n.
Consequently
lim
n→∞
lim sup
h→0
∥∥∥(Th − Sh)[n]∥∥∥ 1n ≤ 2ε,
for any ε > 0.
Analogously we prove that limn→∞ lim suph→0
∥∥∥(Sh − Th)[n]∥∥∥ 1n = 0.
Proposition 7. Let {Sh} , {Th} ⊂ L(X) be asymptotically equivalent.
i) If {Sh} is a bounded family of operators, then {Th} is also bounded and conversely;
ii) {Sh} , {Th} are asymptotically commuting (i.e. limh→0 ‖ShTh − ThSh‖ = 0 );
iii) Let {Uh} ⊂ L(X) be a bounded family of operators such that limh→0 ‖ShUh − UhSh‖ =
0 . Then limh→0 ‖UhTh − ThUh‖ = 0 .
Proof. i) If {Sh} is a bounded family of operators, then there is lim suph→0 ‖Sh‖ <
∞. Since
lim
h→0
‖Sh − Th‖ = 0 ,
Spectrum of a Family of Operators 5
it follows that
lim sup
h→0
‖Th‖ = lim sup
h→0
‖Th − Sh + Sh‖
≤ lim
h→0
‖Sh − Th‖ + lim sup
h→0
‖Sh‖ <∞.
Therefore {Th} is a bounded family of operators.
Analogously we can prove that if {Th} is a bounded family of operators, than {Sh}
is a bounded family of operators.
ii)
lim sup
h→0
‖ShTh − ThSh‖ = lim sup
h→0
∥∥ShTh − Sh2 + Sh2 − T hSh∥∥ ≤
≤ lim sup
h→0
‖Sh (Sh − Th)‖ + lim sup
h→0
‖(Sh − Th)Sh‖
≤ 2 lim sup
h→0
‖Sh‖ ‖Sh − Th‖ ≤ 0.
iii)
lim sup
h→0
‖ThUh − UhT h‖ = lim sup
h→0
‖ThUh − ShUh + ShUh − UhSh + UhSh − UhT h‖ ≤
≤ lim sup
h→0
‖ThUh − ShUh‖ + lim sup
h→0
‖ShUh − UhSh‖ + lim sup
h→0
‖UhSh − UhT h‖ ≤
≤ 2lim sup
h→0
‖Uh‖ ‖Th − Sh‖
Since {Uh} is a bounded family of operators, then there is lim suph→0 ‖Uh‖ <∞.
So
lim
h→0
‖UhTh − ThUh‖ = 0.
Proposition 8. Let {Sh} , {Th} ⊂ L(X) be two bounded families of operators such
that limh→0 ‖ShTh − ThSh‖ = 0. Then
i) limh→0 ‖S
n
hT
m
h − T
m
h S
n
h‖ = 0, for any n,m ∈ N;
ii) limh→0
∥∥∥(Sh − Th)[n]∥∥∥ = limh→0 ‖(Sh − Th)n‖ , for any n ∈ N;
iii) limh→0 ‖(ShTh)
n − SnhT
n
h ‖ = 0, for any n ∈ N.
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Proof. i) We prove that limh→0 ‖S
n
hTh − ThS
n
h‖ = 0, for any n ∈ N. For n = 2 we
have
lim sup
h→0
∥∥S2hTh − ThS2h∥∥ = lim sup
h→0
‖Sh (ShTh)− Sh (ThSh) + (ShTh)Sh − (ThSh)Sh‖ ≤
≤ 2lim sup
h→0
‖(ShTh)− (ThSh)‖ ‖Sh‖ = 0.
For n = 3 we have
lim sup
h→0
∥∥S3hTh − ThS3h∥∥ = lim sup
h→0
∥∥Sh (S2hTh)− Sh (ThS2h)+ (ShTh)S2h − (ThSh)S2h∥∥ ≤
≤ lim sup
h→0
∥∥S2hTh − ThS2h∥∥ ‖Sh‖ + lim
h→0
‖ShTh − ThSh‖
∥∥S2h∥∥ = 0.
Considering relation limh→0 ‖S
n
hTh − ThS
n
h‖ = 0 true we prove that
lim
h→0
∥∥Sn+1h Th − ThSn+1h ∥∥ = 0.
lim sup
h→0
∥∥Sn+1h Th − ThSn+1h ∥∥ = lim sup
h→0
‖Sh (S
n
hTh)− Sh (ThS
n
h ) + (ShTh)S
n
h − (ThSh)S
n
h‖ ≤
≤ lim sup
h→0
‖SnhTh − ThS
n
h‖ ‖Sh‖ + lim sup
h→0
‖ShTh − ThSh‖ ‖S
n
h‖ = 0.
Applying above relation to Snh and Th, it follows that
lim
h→0
‖SnhT
m
h − T
m
h S
n
h‖ = 0,
for every n,m ∈ N.
ii) and iii) can be proved analogously i).
Proposition 9. Let {Sh} , {Th} ⊂ L (X) be two bounded families of operators.
i) If {Sh} , {Th} are asymptotically equivalent, then are asymptotically quasinilpotent
equivalent.
ii) If limh→0 ‖ShTh − ThSh‖ = 0 and limn→∞ lim suph→0
∥∥∥(Sh − Th)[n]∥∥∥ 1n = 0,
then {Sh} , {Th} are asymptotically quasinilpotent equivalent, i.e.
lim
n→∞
lim sup
h→0
∥∥∥(Th − Sh)[n]∥∥∥ 1n = 0.
iii) Let {Ah} ⊂ L(X) be a bounded families of operators. If {Sh} , {Th} are
asymptotically quasinilpotent equivalent and limh→0 ‖ShAh −AhSh‖ = 0, then
it is not necessary that limh→0 ‖ThAh −AhTh‖ = 0.
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Proof. i) We prove that
lim
h→0
∥∥∥(Sh − Th)[n]∥∥∥ = lim
h→0
∥∥∥(Th − Sh)[n]∥∥∥ = 0,
for any n ∈ N.
Since (T − S)[n+1] = T (T − S)[n] − (T − S)[n]S, for any n ∈ N, taking n = 2, it
follows that
lim sup
h→0
∥∥∥(Th − Sh)[2]∥∥∥ = lim sup
h→0
‖Th (Th − Sh)− (Th − Sh)Sh‖ ≤
≤ lim sup
h→0
‖Th (Th − Sh)‖ + lim sup
h→0
‖(Th − Sh)Sh‖ ≤
≤ lim sup
h→0
‖Th‖ ‖(Th − Sh)‖ + lim sup
h→0
‖(Th − Sh)‖ ‖Sh‖ ≤ 0.
By induction, we prove that if limh→0
∥∥∥(Th − Sh)[n]∥∥∥ = 0, then limh→0 ∥∥∥(Th − Sh)[n+1]∥∥∥ =
0.
lim sup
h→0
∥∥∥(Th − Sh)[n+1]∥∥∥ = lim sup
h→0
∥∥∥Th(Th − Sh)[n] − (Th − Sh)[n]Sh∥∥∥ ≤
≤ lim sup
h→0
∥∥∥Th(Th − Sh)[n]∥∥∥ + lim sup
h→0
∥∥∥(Th − Sh)[n]Sh∥∥∥ ≤
≤ lim sup
h→0
‖Th‖
∥∥∥(Th − Sh)[n]∥∥∥ + lim sup
h→0
∥∥∥(Th − Sh)[n]∥∥∥ ‖Sh‖ ≤ 0.
Similarly we can show that limh→0
∥∥∥(Sh − Th)[n]∥∥∥ = 0, for any n ∈ N.
When n→∞, we obtain
lim
n→∞
lim sup
h→0
∥∥∥(Sh − Th)[n]∥∥∥ 1n = lim
n→∞
lim sup
h→0
∥∥∥(Th − Sh)[n]∥∥∥ 1n = 0.
ii) We remember that for any two bounded linear operators T and S, we have
(T − S)[n] =
n∑
k=0
(−1)n−kCnk T
kSn−k = (S − T )[n]+
n−1∑
k=0
(−1)n−1−kCnk (T
kSn−k − Sn−kT k),
where n ∈ N.
Applying above relation to Sh s¸i Th, when h→ 0, we obtain
lim sup
h→0
∥∥∥(Th − Sh)[n]∥∥∥ =
= lim sup
h→0
∥∥∥∥∥(Sh − Th)[n] −
n−1∑
k=0
(−1)n−1−kCnk (Th
kSh
n−k − Sh
n−kTh
k)
∥∥∥∥∥ ≤
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≤ lim sup
h→0
∥∥∥(Sh − Th)[n]∥∥∥ + lim sup
h→0
∥∥∥∥∥
n−1∑
k=0
(−1)n−1−kCnk (Th
kSh
n−k − Sh
n−kTh
k)
∥∥∥∥∥ ≤
≤ lim sup
h→0
∥∥∥(Sh − Th)[n]∥∥∥ + n−1∑
k=0
Cnk lim sup
h→0
∥∥∥ThkShn−k − Shn−kThk∥∥∥ .
By Proposition 8 ii), it follows
lim sup
h→0
∥∥∥(Th − Sh)[n]∥∥∥ ≤ lim sup
h→0
∥∥∥(Sh − Th)[n]∥∥∥,
for any n ∈ N.
Analogously we can prove that lim suph→0
∥∥∥(Sh − Th)[n]∥∥∥ ≤ lim suph→0 ∥∥∥(Th − Sh)[n]∥∥∥.
iii) We suppose that the relation limh→0 ‖ThAh −AhTh‖ = 0 is true. Then,
taking Ah = Sh, for any h ∈ (0, 1], since
lim
h→0
∥∥Sh2 − Sh2∥∥ = 0,
it follows
lim
h→0
‖ShTh − ThSh‖ = 0,
fact that is not true.
Proposition 10. Let {Sh} , {Th} ⊂ L(X) be two asymptotically quasinilpotent
equivalent families and {Ah} ⊂ L(X) a bounded family. Then
i) The families {Sh +Ah} , {Th +Ah} are asymptotically quasinilpotent equivalent;
ii) If {Ah} ⊂ L(X) is a bounded family such that limh→0 ‖ShAh −AhSh‖ = 0 and
limh→0 ‖ThAh −AhTh‖ = 0 , the families {ShAh} , {ThAh} are asymptotically
quasinilpotent equivalent.
Proof. i) Since {Sh} , {Th} are asymptotically quasinilpotent equivalent, i.e.
lim
n→∞
lim sup
h→0
∥∥∥(Th − Sh)[n]∥∥∥ 1n = lim
n→∞
lim sup
h→0
∥∥∥(Sh − Th)[n]∥∥∥ 1n = 0,
then
lim
n→∞
lim sup
h→0
∥∥∥((Th +Ah)− (Sh +Ah))[n]∥∥∥ 1n
= lim
n→∞
lim sup
h→0
∥∥∥((Sh +Ah)− (Th +Ah))[n]∥∥∥ 1n
= 0,
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so {Sh +Ah} , {Th +Ah} are asymptotically quasinilpotent equivalent.
ii) Since limh→0 ‖ShAh −AhSh‖ = 0 and limh→0 ‖ThAh −AhT h‖ = 0, taking
into account Proposition 9, it follows
lim sup
h→0
∥∥∥(ThAh − ShAh)[n] − (Th − Sh)[n]Ahn∥∥∥ =
= lim sup
h→0
∥∥∥∥∥
n∑
k=0
(−1)n−kCkn(ThAh)
k(ShAh)
n−k −
n∑
k=0
(−1)n−kCknTh
kSh
n−kAh
n
∥∥∥∥∥ =
= lim sup
h→0
∥∥∥∥∥
n∑
k=0
(−1)n−kCkn((ThAh)
k(ShAh)
n−k − Th
kSh
n−kAh
kAh
n−k)
∥∥∥∥∥ ≤
≤
n∑
k=0
Ckn lim sup
h→0
‖ (ThAh)
k (ShAh)
n−k − Th
kAh
kSh
n−k
Ah
n−k+
+Th
kAh
kSh
n−k
Ah
n−k − Th
kSh
n−kAh
kAh
n−k‖ ≤
≤
n∑
k=0
Ckn lim sup
h→0
∥∥∥(ThAh)k(ShAh)n−k − ThkAhkShn−kAhn−k∥∥∥+
+
n∑
k=0
Ckn lim sup
h→0
∥∥∥ThkAhkShn−kAhn−k − ThkShn−kAhkAhn−k∥∥∥ ≤
≤
n∑
k=0
Ckn lim sup
h→0
‖(ThAh)
k(ShAh)
n−k − (ThAh)
kSh
n−kAh
n−k+
+(ThAh)
kSh
n−kAh
n−k − Th
kAh
kSh
n−kAh
n−k‖+
+
n∑
k=0
Ckn lim sup
h→0
∥∥∥Thk∥∥∥ ∥∥∥AhkShn−k − Shn−kAhk)∥∥∥ ∥∥∥Ahn−k∥∥∥ ≤
≤
n∑
k=0
Ckn lim sup
h→0
∥∥∥(ThAh)k(ShAh)n−k − (ThAh)kShn−kAhn−k∥∥∥+
+
n∑
k=0
Ckn lim sup
h→0
∥∥∥(ThAh)kShn−kAhn−k − ThkAhkShn−kAhn−k∥∥∥ ≤
≤
n∑
k=0
Ckn lim sup
h→0
∥∥∥(ThAh)k∥∥∥∥∥∥(ShAh)n−k − Shn−kAhn−k∥∥∥+
+
n∑
k=0
Ckn lim sup
h→0
∥∥∥(ThAh)k − ThkAhkShn−kAhn−k∥∥∥∥∥∥Shn−k∥∥∥∥∥∥Ahn−k∥∥∥ = 0.
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Having in view that {Sh} , {Th} are asymptotically quasinilpotent equivalent
and taking into account the above relation, it results
lim
n→∞
lim sup
h→0
∥∥∥(ThAh − ShAh)[n]∥∥∥ 1n
= lim
n→∞
lim sup
h→0
∥∥∥(Th − Sh)[n]Ahn∥∥∥ 1n
≤ lim
n→∞
(lim sup
h→0
∥∥∥(Th − Sh)[n]∥∥∥ ‖Ahn‖ ) 1n
≤ lim
n→∞
lim
h→0
∥∥∥(Th − Sh)[n]∥∥∥ 1n lim sup
h→0
‖Ah‖ = 0.
Analogously we can prove that limn→∞ lim suph→0
∥∥∥(ShAh − ThAh)[n]∥∥∥ 1n = 0.
3 Spectrum of a family of operators
Let be the sets
Cb ( (0, 1] , B (X)) = {ϕ : (0, 1]→ B (X)|ϕ (h) = Th such that ϕ is countinous and bounded} =
=
{
{Th}h∈ (0,1] ⊂ B(X)
∣∣∣ {Th}h∈ (0,1] is a bounded family, i.e. sup
h∈ (0,1]
‖Th‖ <∞
}
.
and
C0 ( (0, 1] , B (X)) =
{
ϕ ∈ Cb ((0, 1] , B (X))| lim
h→0
‖ϕ(h)‖ = 0
}
=
=
{
{Th}h∈ (0,1] ⊂ B(X)
∣∣∣ lim
h→0
‖Th‖ = 0
}
.
Cb ( (0, 1] , B (X)) is a Banach algebra non-commutative with norm
‖{Th}‖ = suph∈ (0,1] ‖Th‖ ,
and C0 ( (0, 1] , B (X)) is a closed bilateral ideal of Cb ( (0, 1] , B (X)). Therefore the
quotient algebra Cb ((0, 1] , B (X)) /C0 ( (0, 1] , B (X)), which will be called from
now B∞, is also a Banach algebra with quotient norm∥∥∥ ˙{Th}∥∥∥ = inf{Uh}h∈ (0,1]∈C0( (0,1], B(X)) ‖{Th}+ {Uh}‖ = inf{Sh}h∈ (0,1]∈ ˙{Th} ‖{Sh}‖ .
Then ∥∥∥ ˙{Th}∥∥∥ = inf{Sh}h∈ (0,1]∈ ˙{Th} ‖{Sh}‖ ≤ ‖{Sh}‖ = suph∈ (0,1] ‖Sh‖ ,
for any {Sh}h∈ (0,1] ∈
˙{Th}. Moreover,
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∥∥∥ ˙{Th}∥∥∥ = inf{Sh}h∈ (0,1]∈ ˙{Th} ‖{Sh}‖ = inf{Sh}h∈ (0,1]∈ ˙{Th}suph∈ (0,1] ‖Sh‖ .
If two bounded families {Th}h∈ (0,1], {Sh}h∈ (0,1] ⊂ B(X) are asymptotically equivalent,
then limh→0 ‖Sh − Th‖ = 0, i.e. {Th − Sh}h∈ (0,1] ∈ C0 ( (0, 1] , B (X)).
Let {Th}h∈ (0,1], {Sh}h∈ (0,1] ∈ Cb ( (0, 1] , B (X)) be asymptotically equivalent. Then
lim sup
h→0
‖Sh‖ = lim sup
h→0
‖Th‖ .
Since
lim sup
h→0
‖Sh‖ ≤ suph∈ (0,1] ‖Sh‖ ,
results that
lim sup
h→0
‖Sh‖ = inf{Sh}h∈ (0,1]∈ ˙{Th}
lim sup
h→0
‖Sh‖ ≤ inf{Sh}h∈ (0,1]∈ ˙{Th}
suph∈ (0,1] ‖Sh‖ =
∥∥∥ ˙{Th}∥∥∥ ,
for any {Sh}h∈ (0,1] ∈
˙{Th}.
In particular
lim lim
h→0
‖Th‖ ≤
∥∥∥ ˙{Th}∥∥∥ ≤ ‖{Th}‖ = suph∈ (0,1] ‖Th‖ .
Definition 11. We call the resolvent set of a family of operators {Sh} ∈ Cb ((0, 1] , B (X))
the set
r ({Sh}) = {λ ∈ C| ∃ {R(λ, Sh)} ∈ Cb ( (0, 1] , B (X)) , lim
h→0
‖(λI − Sh)R (λ, Sh)− I‖ =
= lim
h→0
‖R (λ, Sh) (λI − Sh)− I‖ = 0}
We call the spectrum of a family of operators {Sh} ∈ Cb ((0, 1] , B (X)) the set
Sp ({Sh})=C\r ({Sh}) .
Remark 12. i) If λ ∈ r (Sh) for any h ∈ (0, 1], then λ ∈ r ({Sh}) . Therefore⋂
h∈( 0,1] r (Sh) ⊆ r ({Sh});
ii) If λ ∈ Sp ({Sh}), then |λ| ≤ lim suph→0 ‖Sh‖ ;
iii) If ‖Sh‖ < |λ| for any h ∈ (0, 1], then λ ∈ r ({Sh});
iv) r ({Sh}) is an open set of C and Sp ({Sh}) is a compact set of C.
Proof. iv) Let λ ∈ r ({Sh}). From Definition 11, it follows that there is {R(λ, Sh)} ∈
Cb ( (0, 1] , B (X)) such that
lim
h→0
‖(λI − Sh)R (λ, Sh)− I‖ = lim
h→0
‖R (λ, Sh) (λI − Sh)− I‖ = 0.
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Let µ ∈ D(λ, 1limsuph→0‖R(λ,Sh)‖
). So
|λ− µ| <
1
lim suph→0 ‖R (λ, Sh)‖
.
According to ii), it follows 1 ∈ r ({(λ− µ)R (λ, Sh)}), therefore there is {R(1, (λ− µ)R (λ, Sh))} ∈
Cb ( (0, 1] , B (X)) such that
lim
h→0
‖(I − (λ− µ)R (λ, Sh))R (1, (λ − µ)R (λ, Sh))− I‖ =
= lim
h→0
‖R (1, (λ− µ)R (λ, Sh)) (I − (λ− µ)R (λ, Sh))− I‖ = 0.
Having in view the above relation, it results
lim sup
h→0
‖(µI − Sh)R (λ, Sh)R (1, (λ− µ)R (λ, Sh))− I‖ =
= lim sup
h→0
‖ (λI − Sh)R (λ, Sh)R (1, (λ− µ)R (λ, Sh))−
− (λ− µ)R (λ, Sh)R (1, (λ− µ)R (λ, Sh))− I‖ =
= lim sup
h→0
‖ ((λI − Sh)R (λ, Sh)− I)R (1, (λ− µ)R (λ, Sh))+R (1, (λ− µ)R (λ, Sh))−
− (λ− µ)R (λ, Sh)R (1, (λ− µ)R (λ, Sh))− I‖ ≤
≤ lim sup
h→0
‖((λI − Sh)R (λ, Sh)− I)R (1, (λ− µ)R (λ, Sh))‖ +
+ lim sup
h→0
‖R (1, (λ− µ)R (λ, Sh))− (λ− µ)R (λ, Sh)R (1, (λ − µ)R (λ, Sh))− I‖ ≤
≤ lim sup
h→0
‖((λI − Sh)R (λ, Sh)− I)‖ ‖R (1, (λ− µ)R (λ, Sh))‖ +
+lim
h→0
‖(I − (λ− µ)R (λ, Sh))R (1, (λ − µ)R (λ, Sh))− I‖ = 0,
so µ ∈ r ({Sh}), for every µ ∈ D(λ,
1
lim suph→0‖R(λ,Sh)‖
). Therefore, for any λ ∈
r ({Sh}), there is an open diskD(λ,
1
lim suph→0‖R(λ,Sh)‖
) such thatD(λ, 1limsuph→0‖R(λ,Sh)‖
) ⊂
r ({Sh}).
If {Sh} is a bounded family, from ii) we have
|λ| ≤ lim sup
h→0
‖Sh‖ <∞,
for any λ ∈ Sp ({Sh}), so Sp ({Sh}) is a compact set.
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Proposition 13. Let {Sh} ∈ Cb ( (0, 1] , B (X)) be a family of operators and λ ∈
r ({Sh}). Then, for any {R (λ, Sh)} ∈ Cb ((0, 1] , B (X)) such that
lim
h→0
‖(λI − Sh)R (λ, Sh)− I‖ = lim
h→0
‖R (λ, Sh) (λI − Sh)− I‖ = 0,
we have
lim
h→0
‖ShR (λ, Sh)−R (λ, Sh)Sh‖ = 0.
Proof. Let λ ∈ r ({Sh}) and {R (λ, Sh)} ∈ Cb ((0, 1] , B (X)) such that
lim
h→0
‖(λI − Sh)R (λ, Sh)− I‖ = lim
h→0
‖R (λ, Sh) (λI − Sh)− I‖ = 0.
Using this relation we have
lim sup
h→0
‖ShR (λ, Sh)−R (λ, Sh)Sh‖ = lim sup
h→0
‖R (λ, Sh) (λI − Sh)− (λI − Sh)R (λ, Sh)‖ =
= lim sup
h→0
‖R (λ, Sh) (λI − Sh)− I + I − (λI − Sh)R (λ, Sh)‖ ≤
≤ lim
h→0
‖(λI − Sh)R (λ, Sh)− I‖ + lim
h→0
‖R (λ, Sh) (λI − Sh)− I‖ = 0.
Proposition 14. (resolvent equation - asymptotic) Let {Sh} ∈ Cb ( (0, 1] , B (X))
be a bounded family and λ, µ ∈ r({Sh}). Then
lim
h→0
‖R (λ, Sh)−R (µ, Sh)− (µ− λ)R (λ, Sh)R (µ, Sh)‖ = 0.
Proof. Since {R(λ, Sh)} and {R(λ, Sh)} are bounded, we have
lim sup
h→0
‖R (λ, Sh)−R (µ, Sh)− (µ− λ)R (λ, Sh)R (µ, Sh)‖ =
= lim sup
h→0
‖R (λ, Sh) (I − µR (µ, Sh))− (I − λR (λ, Sh))R (µ, Sh)‖ =
= lim sup
h→0
‖R (λ, Sh) (I − (µI − Sh)R (µ, Sh))− (I −R (λ, Sh) (λI − Sh))R (µ, Sh)‖ ≤
≤ lim sup
h→0
‖R (λ, Sh) (I − (µI − Sh)R (µ, Sh))‖+ lim sup
h→0
‖(I −R (λ, Sh) (λI − Sh))R (µ, Sh)‖ ≤
≤ lim sup
h→0
‖R (λ, Sh)‖ ‖I − (µI − Sh)R (µ, Sh)‖+
+lim sup
h→0
‖I −R (λ, Sh) (λI − Sh)‖ ‖R (µ, Sh)‖ ≤ 0.
Corollary 15. Let {Sh} ∈ Cb ((0, 1] , B (X)) be a bounded family and λ, µ ∈
r({Sh}) be not-equal. Then
lim
h→0
‖R (λ, Sh)R (µ, Sh)−R (µ, Sh)R (λ, Sh)‖ = 0.
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Proof.
lim sup
h→0
‖R (λ, Sh)R (µ, Sh)−R (µ, Sh)R (λ, Sh)‖ =
=
1
|λ− µ|
lim sup
h→0
‖(λ− µ)R (λ, Sh)R (µ, Sh) + (µ− λ)R (µ, Sh)R (λ, Sh)‖ =
=
1
|λ− µ|
lim sup
h→0
‖ [R (λ, Sh)−R (µ, Sh)− (µ− λ)R (λ, Sh)R (µ, Sh)]+
+ [R (µ, Sh)−R (λ, Sh)− (λ− µ)R (µ, Sh)R (λ, Sh)] ‖ ≤
≤
1
|λ− µ|
lim
h→0
‖[R (λ, Sh)−R (µ, Sh)− (µ− λ)R (λ, Sh)R (µ, Sh)]‖ +
+
1
|λ− µ|
lim
h→0
‖[R (µ, Sh)−R (λ, Sh)− (λ− µ)R (µ, Sh)R (λ, Sh)]‖ = 0.
Proposition 16. Let {Sh} ∈ Cb ((0, 1] , B (X)) be a bounded family. If λ ∈
r ({Sh}) and {Ri (λ, Sh)} ∈ Cb ( (0, 1] , B (X)) , i = 1, 2 such that
lim
h→0
‖(λI − Sh)Ri (λ, Sh)− I‖ = lim
h→0
‖Ri (λ, Sh) (λI − Sh)− I‖ = 0
for i = 1, 2, then
lim
h→0
‖R1 (λ, Sh)−R2 (λ, Sh)‖ = 0.
Proof. Let λ ∈ r ({Sh}) and {Ri (λ, Sh)} ∈ Cb ((0, 1] , B (X)) , i = 1, 2, such that
lim
h→0
‖(λI − Sh)Ri (λ, Sh)− I‖ = lim
h→0
‖Ri (λ, Sh) (λI − Sh)− I‖ = 0
Therefore
lim sup
h→0
‖R1 (λ, Sh)−R2 (λ, Sh)‖ =
= lim sup
h→0
‖R1 (λ, Sh)−R2 (λ, Sh)− (λ− λ)R1 (λ, Sh)R2 (λ, Sh)‖ =
= lim sup
h→0
‖R1 (λ, Sh) (I − λR2 (λ, Sh))− (I − λR1 (λ, Sh))R2 (λ, Sh)‖ =
= lim sup
h→0
‖R1 (λ, Sh) (I − (λI − Sh)R2 (λ, Sh))− (I −R1 (λ, Sh) (λI − Sh))R2 (λ, Sh)‖ ≤
≤ lim sup
h→0
‖R1 (λ, Sh) (I − (λI − Sh)R2 (λ, Sh))‖+
+lim sup
h→0
‖(I −R1 (λ, Sh) (λI − Sh))R2 (λ, Sh)‖ ≤
≤ lim sup
h→0
‖R1 (λ, Sh)‖ ‖I − (λI − Sh)R2 (λ, Sh)‖+
+lim sup
h→0
‖I −R1 (λ, Sh) (λI − Sh)‖ ‖R2 (λ, Sh)‖ ≤ 0
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Proposition 17. Let {Sh} ∈ Cb ( (0, 1] , B (X)) be a bounded family, λ ∈ r ({Sh})
and {R(λ, Sh)} ∈ Cb ((0, 1] , B (X)) such that
lim
h→0
‖(λI − Sh)R (λ, Sh)− I‖ = lim
h→0
‖R (λ, Sh) (λI − Sh)− I‖ = 0.
If {Rh} ∈ Cb ((0, 1] , B (X)) is a bounded family such that it is asymptotically
equivalent with {R(λ, Sh)} ∈ Cb ( (0, 1] , B (X)), then
lim
h→0
‖(λI − Sh)Rh − I‖ = lim
h→0
‖Rh (λI − Sh)− I‖ = 0.
Proof. Let λ ∈ r ({Sh}). It results
lim sup
h→0
‖(λI − Sh)Rh − I‖ =
= lim sup
h→0
‖(λI − Sh)Rh − (λI − Sh)R (λ, Sh) + (λI − Sh)R (λ, Sh)− I‖ ≤
≤ lim sup
h→0
‖(λI − Sh)Rh − (λI − Sh)R (λ, Sh)‖+ lim sup
h→0
‖(λI − Sh)R (λ, Sh)− I‖ ≤
≤ lim sup
h→0
‖λI − Sh‖ ‖Rh −R (λ, Sh)‖ ≤ 0.
Analogously we can prove that limh→0 ‖Rh (λI − Sh)− I‖ = 0.
Proposition 18. Let {Sh} ∈ Cb ((0, 1] , B (X)), λ ∈ r ({Sh}) and {R(λ, Sh)} ∈
Cb ( (0, 1] , B (X)) such that
lim
h→0
‖(λI − Sh)R (λ, Sh)− I‖ = lim
h→0
‖R (λ, Sh) (λI − Sh)− I‖ = 0.
Then
lim sup
h→0
‖R (λ, Sh)‖ 6= 0 .
Proof. Suppose that lim suph→0 ‖R (λ, Sh)‖ = 0. Since
1 = ‖I‖ ≤ ‖(λI − Sh)R (λ, Sh)− I‖+ ‖(λI − Sh)R (λ, Sh)‖
And taking into account that {Sh} ∈ Cb ((0, 1] , B (X)), it follows that
1 ≤ lim sup
h→0
‖(λI − Sh)R (λ, Sh)− I‖ + lim sup
h→0
‖(λI − Sh)R (λ, Sh)‖ ≤
≤ lim sup
h→0
‖λI − Sh‖ ‖R (λ, Sh)‖ ≤
(
|λ|+ lim sup
h→0
‖Sh‖
)
lim sup
h→0
‖R (λ, Sh)‖ = 0,
contradiction.
Proposition 19. Let {Sh} ∈ Cb ((0, 1] , B (X)). If λ, µ ∈ r({Sh}) such that there
are {R(λ, Sh)} , {R(µ, Sh)} ∈ Cb ((0, 1] , B (X)) with property limh→0 ‖R (λ, Sh)−R (µ, Sh)‖ =
0, then λ = µ.
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Proof. For λ ∈ r ({Sh}) let {R(λ, Sh)} ∈ Cb ((0, 1] , B (X)) such that
lim
h→0
‖(λI − Sh)R (λ, Sh)− I‖ = lim
h→0
‖R (λ, Sh) (λI − Sh)− I‖ = 0
and for µ∈ r ({Sh}) let {R(µ, Sh)} ∈ Cb ((0, 1] , B (X)) such that
lim
h→0
‖(µI − Sh)R (µ, Sh)− I‖ = lim
h→0
‖R (µ, Sh) (µI − Sh)− I‖ = 0.
If
lim
h→0
‖R (λ, Sh)−R (µ, Sh)‖ = 0,
Having in view Proposition 17, we obtain
lim
h→0
‖(µI − Sh)R (λ, Sh)− I‖ = lim
h→0
‖R (λ, Sh) (µI − Sh)− I‖ = 0.
Hence
lim sup
h→0
‖(λI − Sh)R (λ, Sh)− (µI − Sh)R (λ, Sh)‖ ≤
≤ lim sup
h→0
‖(λI − Sh)R (λ, Sh)− I‖ + lim
h→0
‖(µI − Sh)R (λ, Sh)− I‖ = 0.
Therefore
|λ− µ| lim sup
h→0
‖R (λ, Sh)‖ = 0
And according to Proposition 18 ( lim suph→0 ‖R (λ, Sh)‖ 6= 0 ) it follows λ = µ.
Lemma 20. If two bounded families {Sh} , {Th} ∈ Cb ((0, 1] , B (X)) are asymptotically
equivalent and there is {Rh (λ)} ∈ Cb ( (0, 1] , B (X)) such that
lim
h→0
‖(λI − Sh)Rh (λ)− I‖ = lim
h→0
‖Rh (λ) (λI − Sh)− I‖ = 0,
then
lim
h→0
‖(λI − Th)Rh (λ)− I‖ = lim
h→0
‖Rh (λ) (λI − Th)− I‖ = 0.
Proof. Since the two families {Sh} , {Th} ∈ Cb ( (0, 1] , B (X)) are asymptotically
equivalent, i.e. limh→0 ‖Sh − Th‖ = 0 , we have
lim sup
h→0
‖(λI − Th)Rh (λ)− I‖ =
= lim sup
h→0
‖(λI − Th)Rh (λ)− (λI − Sh)Rh (λ) + (λI − Sh)Rh (λ)− I‖ ≤
≤ lim sup
h→0
‖(λI − Th)Rh (λ)− (λI − Sh)Rh (λ)‖ +lim sup
h→0
‖(λI − Sh)Rh (λ)− I‖ =
= lim sup
h→0
‖ThRh (λ)− ShRh (λ)‖ ≤ lim sup
h→0
‖Th − Sh‖ ‖Rh (λ)‖ ≤ 0.
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Remark 21. Since B∞ = Cb ((0, 1] , B (X)) /C0 ((0, 1] , B (X)) is a Banach algebra,
then make sense
r
(
˙{Sh}
)
=
{
λ ∈ C| ∃ ˙{Rh} ∈ B∞ a..
(
λ ˙{I} − ˙{Sh}
)
˙{Rh} = ˙{I} = ˙{Rh}
(
λ ˙{I} − ˙{Sh}
)}
and
Sp
(
˙{Sh}
)
=C\ r
(
˙{Sh}
)
.
Let {Sh} ∈ Cb ((0, 1] , B (X)) and λ ∈ r({Sh}). Fie {R(λ, Sh)} ∈ Cb ((0, 1] , B (X))
such that
lim
h→0
‖(λI − Sh)R (λ, Sh)− I‖ = lim
h→0
‖R (λ, Sh) (λI − Sh)− I‖ = 0.
By Proposition 17, it results that for any {R′(λ, Sh)} ∈ ˙{R(λ, Sh)}, we have
lim
h→0
∥∥(λI − Sh)R′ (λ, Sh)− I∥∥ = lim
h→0
∥∥R′ (λ, Sh) (λI − Sh)− I∥∥ = 0.
Moreover, for every {S′h} ∈ ˙{Sh}, by Lemma 20 we have
lim
h→0
∥∥(λI − S′h)R (λ, Sh)− I∥∥ = lim
h→0
∥∥R (λ, Sh) (λI − S′h)− I∥∥ = 0.
Therefore every representative of class ˙{R(λ, Sh)} ∈ B∞ is an ”inverse” for any
representative of class ˙{Sh}.
Theorem 22. Let {Sh} ∈ Cb ((0, 1] , B (X)). Then
Sp
(
˙{Sh}
)
= Sp ({Sh}) .
Proof. Let λ ∈ r
(
˙{Sh}
)
. Then there is ˙{Rh} ∈ B∞ such that(
λ ˙{I} − ˙{Sh}
)
˙{Rh} = ˙{I} = ˙{Rh}
(
λ ˙{I} − ˙{Sh}
)
.
Taking into account the algebraic relations of the Banach algebra B∞, it results
˙{I} =
(
λ ˙{I} − ˙{Sh}
)
˙{Rh} = ˙{λI − Sh} ˙{Rh} = ˙{(λI − Sh)Rh}.
Therefore {(λI − Sh)Rh − I} ∈ B∞, i.e.
lim
h→0
‖(λI − Sh)Rh − I‖ = 0.
Analogously we can show that limh→0 ‖Rh (λI − Sh)− I‖ = 0. Then λ ∈ r ({Sh}).
Conversely, let λ ∈ r ({Sh}). Then there is {R(λ, Sh)} ∈ Cb ((0, 1] , B (X)) such
that
lim
h→0
‖(λI − Sh)R (λ, Sh)− I‖ = lim
h→0
‖R (λ, Sh) (λI − Sh)− I‖ = 0.
Let {Rh} ∈ ˙{R(λ, Sh)}. Then
lim
h→0
‖(λI − Sh)Rh − I‖ = lim
h→0
‖Rh (λI − Sh)− I‖ = 0
and {(λI − Sh)Rh − I} , {Rh (λI − Sh)− I} ∈ B∞, i.e.(
λ ˙{I} − ˙{Sh}
)
˙{Rh} = ˙{(λI − Sh)Rh} = ˙{I}
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and
˙{Rh}
(
λ ˙{I} − ˙{Sh}
)
= ˙{Rh(λI − Sh)} = ˙{I}.
Therefore λ ∈ r
(
˙{Sh}
)
.
Remark 23. Let {Sh} ∈ Cb ( (0, 1] , B (X)) and λ ∈ r({Sh}). Then there is
{R(λ, Sh)} ∈ Cb ((0, 1] , B (X)) such that
lim
h→0
‖(λI − Sh)R (λ, Sh)− I‖ = lim
h→0
‖R (λ, Sh) (λI − Sh)− I‖ = 0.
if and only if
(
λ ˙{I} − ˙{Sh}
)
˙{R (λ, Sh)} = ˙{I} = ˙{R (λ, Sh)}
(
λ ˙{I} − ˙{Sh}
)
.
Proposition 24. Let {Sh} , {Th} ∈ Cb ((0, 1] , B (X)) be two families. If limh→0 ‖ThSh − ShTh‖ =
0, then limh→0 ‖R(λ, Th)Sh − ShR(λ, Th)‖ = 0, for any λ ∈ r({Th}).
Proof. If λ ∈ r({Th}), then there is {R(λ, T h)} ∈ Cb ((0, 1] , B (X)) such that
lim
h→0
‖(λI − Th)R(λ, T h)− I‖ = lim
h→0
‖R(λ, T h) (λI − Th)− I‖ = 0.
Therefore
lim
h→0
‖ThSh − ShTh‖ = 0 ⇔ ˙{Sh} ˙{Th} = ˙{Th} ˙{Sh} ⇔
˙{Sh} ˙{R(λ, T h)} =
˙{R(λ, T h)}
˙{Sh} ⇔ lim
h→0
‖R(λ, Th)Sh − ShR(λ, Th)‖ = 0.
Remark 25. i) Let {Sh} , {Th} ∈ Cb ( (0, 1] , B (X)) such that Sh is asymptotically
equivalent with Th, ∀h ∈ (0, 1] . Then
Sp(Th) = Sp(Sh),∀h ∈ (0, 1] .
ii) Let {Sh} , {Th} ∈ Cb ((0, 1] , B (X)) be asymptotically equivalent. Then
Sp({T h}) = Sp({Sh}).
Theorem 26. Let {Sh} , {Th} ∈ Cb ( (0, 1] , B (X)) be two asymptotically quasinilpotent
equivalent families. Then
Sp({T h}) = Sp({Sh}).
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Proof. Let λ ∈ r( ˙{T h}). Then there is
˙{R(λ, Th)} ∈ B∞ such that(
λ ˙{I} − ˙{T h}
)
˙{R(λ, Th)} = ˙{R(λ, Th)}
(
λ ˙{I} − ˙{T h}
)
= ˙{I}.
Since B∞ is a Banach algebra, the map λ 7→ ˙{R(λ, Th)} :r( ˙{T h})→ B∞ is analytic.
Let D1 = {λ ∈ C| |λ− λ0| ≤ r1} ⊂ r( ˙{T h}) and D0 = {λ ∈ C| |λ− λ0| ≤ r0} with
r1 > r0.
Set
˙{Rn (λ)} =
1
n!
dn
dλn
˙{R (λ, Th)},∀n ∈ N,
and
˙{R (λ)} =
∑
n∈N
(−1)n
n!
˙{
(Sh − Th)
[n]
}
˙{Rn(λ)}.
If we set M1 = supµ∈D1
∥∥∥ ˙{R (µ, Th)},∥∥∥ , it follows that ∥∥∥ ˙{Rn (λ)}∥∥∥ ≤ r1M1(r1−r0)n+1 .
Deriving the relation
(
λ ˙{I} − ˙{T h}
)
˙{R(λ, Th)} = ˙{I} by n times, we obtain(
λ ˙{I} − ˙{T h}
) dn
dλn
˙{R (λ, Th)} = −n
dn−1
dλn−1
˙{R (λ, Th)}.
Moreover, since
˙{
(Th − Sh)
[n+1]
}
=
˙{
Th(Th − Sh)
[n] − (Th − Sh)
[n]Sh
}
=
= ˙{Th}
˙{
(Th − Sh)
[n]
}
−
˙{
(Th − Sh)
[n]
}
˙{Sh},∀n ∈ N,
we have(
λ ˙{I} − ˙{Sh}
)
˙{R (λ)} = ˙{λI − Sh}
∑
n∈N
(−1)n
n!
˙{
(Sh − Th)
[n]
}
˙{Rn (λ)} =
=
∑
n∈N
(−1)n
n!
˙{λI − Sh}
˙{
(Sh − Th)
[n]
}
˙{Rn (λ)} =
=
∑
n∈N
(−1)n
n!
˙{
(λI − Sh) (Sh − Th)
[n]
}
˙{Rn (λ)} =
=
∑
n∈N
1
n!
˙{(
((λI − Sh)− (λI − Th))
[n+1] + ((λI − Sh)− (λI − Th))
[n] (λI − Th)
)}
˙{Rn (λ)} =
=
∑
n=0
(−1)n+1
n!
˙{
(Sh − Th)
[n+1]
}
˙{Rn(λ)}+
(
λ ˙{I} − ˙{Th}
)
˙{R (λ, Th)}−
−
∑
n=1
(−1)n
n− 1!
˙{
(Sh − Th)
[n]
}(
λ ˙{I} − ˙{T h}
) dn
dλn
˙{R (λ, Th)} =
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=
∑
n=0
(−1)n+1
n!
˙{
(Sh − Th)
[n+1]
}
˙{Rn(λ)}+
(
λ ˙{I} − ˙{Th}
)
˙{R (λ, Th)}−
−
∑
n=1
(−1)n
n− 1!
˙{
(Sh − Th)
[n]
} dn−1
dλn−1
˙{R (λ, Th)} =
=
∑
n=0
(−1)n+1
n!
˙{
(Sh − Th)
[n+1]
}
˙{Rn(λ)}+
(
λ ˙{I} − ˙{Th}
)
˙{R (λ, Th)}−
−
∑
n=1
(−1)n
n− 1!
˙{
(Sh − Th)
[n]
}
˙{Rn−1(λ)}.
Therefore λ ∈ r({Sh}).
Analogously we can prove the other inclusion. By Theorem 22, it results that
Sp({T h}) = Sp(
˙{T h}) = Sp(
˙{Sh}) = Sp({Sh}).
Theorem 27. Let {Th} ∈ Cb ((0, 1] , B (X)) and Ω be an open set which contains⋃
h∈ (0,1] Sp(Th). Then for any analytic function f : Ω→ C we have
Sp ({f (Th)}) = f(Sp ({Th})).
Proof. If {Th} ∈ Cb ((0, 1] , B (X)), then there is a M < ∞ such that ‖Th‖ ≤ M ,
∀h ∈ (0, 1]. Therefore Sp(Th) ⊂ D(0,M) ∀h ∈ (0, 1], so that
⋃
h∈ (0,1] Sp(Th) is a
bounded set.
”⊇” Let f : Ω→ C be an analytic function and λ ∈ Sp({Th}). For ξ ∈ Ω, we define
the function
g (ξ) =
{
f(ξ)−f(λ)
ξ−λ , ξ 6= λ
f ′ (λ) , ξ = λ
.
Hence g : Ω→ C is analytic and
f (Th)− f (λ) I = g (Th) (Th − λI) = (Th − λI) g (Th) ,
for any h ∈ (0, 1].
We suppose that f (λ) ∈ r ({f (Th)}). Then there is {R(f (λ) , f (Th))} ⊂ B(X)
such that
lim
h→0
‖(f (λ) I − f (Th))R (f (λ) , f (Th))− I‖ =
= lim
h→0
‖R (f (λ) , f (Th)) (f (λ) I − f (Th))− I‖ = 0.
Having in view the last relation, we have
lim
h→0
‖(Th − λI) g (Th)R (f (λ) , f (Th))− I‖ =
= lim
h→0
‖R (f (λ) , f (Th)) g (Th) (Th − λI)− I‖ = 0.(∗)
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Since
g (Th)Th = Thg (Th) ,
for any h ∈ (0, 1], according to the properties of holomorphic functional calculi it
follows
g (Th) f(Th) = f(Th)g (Th) ,
for every h ∈ (0, 1]. Applying Proposition 21, we obtain
lim
h→0
‖g (Th)R (f (λ) , f (Th))−R (f (λ) , f (Th)) g (Th)‖ = 0.
Hence
lim
h→0
‖g (Th)R (f (λ) , f (Th)) (Th − λI)− I‖ =
= lim
h→0
‖g (Th)R (f (λ) , f (Th)) (Th − λI)−R (f (λ) , f (Th)) g (Th) (Th − λI)+
+R (f (λ) , f (Th)) g (Th) (Th − λI)− I‖ ≤
≤ lim
h→0
‖g (Th)R (f (λ) , f (Th))−R (f (λ) , f (Th)) g (Th)‖ ‖Th − λI‖ +
+lim
h→0
‖R (f (λ) , f (Th)) g (Th) (Th − λI)− I‖ = 0.(∗∗)
From (*) and (**), it results
lim
h→0
‖(Th − λI) g (Th)R (f (λ) , f (Th))− I‖ =
= lim
h→0
‖g (Th)R (f (λ) , f (Th)) (Th − λI)− I‖ = 0,
so λ ∈ r ({Th}), contradiction with λ ∈ Sp ({Th}). Therfore f (λ) ∈ Sp ({f(Th)}).
”⊆” Let λ ∈ Sp ({f(Th)}). If λ /∈ f(Sp ({Th})), then λ 6= f(ξ) for any ξ ∈ Sp ({Th}).
Let Ω′ an open neighborhood
⋃
h∈ (0,1] Sp(Th) and
h (ξ) =
1
f (ξ)− λ
,
for every ξ ∈ Ω′. Then h is an analytic function and applying the holomorphic
functional calculi, we obtain
h (Th) (f (Th)− λI) = (f (Th)− λI)h (Th) = I,
for any h ∈ (0, 1]. Therefore λ ∈ r(f(Th)), for any h ∈ (0, 1]. Since
⋂
h∈( 0,1] r (f(Th)) ⊆
r ({f(Th)}) (Remark 3.2 i)), it follows λ ∈ r ({f(Th)}), contradiction with λ ∈
Sp ({f(T h)}). Hence λ ∈ f(Sp ({Th})).
Definition 28. A family {Uh} ⊂ L(X) is calling asymptotic quasinilpotent operator
if
lim
n→∞
lim sup
h→0
‖Uh
n‖
1
n = 0.
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Theorem 29. A family {Uh} ∈ Cb ((0, 1] , B (X)) is an asymptotic quasinilpotent
operator if and only if Sp ({Uh}) = {0}.
Proof. Let {Uh} ∈ Cb ( (0, 1] , B (X)) be an asymptotic quasinilpotent operator.
Then {Uh} is asymptotically spectral equivalent with {0}h∈ (0,1] ∈ Cb ( (0, 1] , B (X)).
By Theorem 26 it follows that
Sp ({Uh}) = Sp ({0}) = {0} .
Consequently, suppose that Sp ({Uh}) = {0}. By Theorem 22, we have
Sp
(
˙{Uh}
)
= Sp ({Uh}) = {0} .
Then the spectral radius of ˙{Uh}, which we will call from now rsp
(
˙{Uh}
)
, is zero.
Since
rsp
(
˙{Uh}
)
= lim
n→∞
∥∥∥( ˙{Uh})n∥∥∥ 1n ,
it follows that
lim
n→∞
∥∥∥( ˙{Uh})n∥∥∥ 1n = 0.
But, on the other hand, we have
lim
n→∞
∥∥∥( ˙{Uh})n∥∥∥ 1n = lim
n→∞
inf
{Uh}∈ ˙{Uh}
‖{Uh}
n‖
1
n = lim
n→∞
inf
{Uh}∈ ˙{Uh}
‖{Uh
n}‖
1
n =
= lim
n→∞
inf
{Uh}∈ ˙{Uh}
suph∈ (0,1] ‖Uh
n‖
1
n ≥ lim
n→∞
inf
{Uh}∈ ˙{Uh}
lim sup
h→0
‖Uh
n‖
1
n =
= lim
n→∞
lim sup
h→0
‖Uh
n‖
1
n .
By the above relations, we obtain
lim
n→∞
lim sup
h→0
‖Uh
n‖
1
n = 0,
so that {Uh} is an asymptotic quasinilpotent operator.
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